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COMPUTATION OF TOPSIDE IONOGRAMS FROM N (h) PROFILES 

By Lawrence Colin and Kwok-Long Chan 

Ames Research Center 

and 

Jack G .  K .  Lee 

Informat ics ,  I n c .  

SUMMARY 

Model p r o f i l e s  of plasma frequency and gyrofrequency a r e  chosen t o  
s imula te  t y p i c a l  condi t ions  observed i n  t h e  tops ide  ionosphere by t h e  Alouet te  
I sounder (1000 km) and t h e  Alouet te  I1 sounder near  apogee (3000 km). Exam- 
p l e s  of group r e f r a c t i v e  index p r o f i l e s  f o r  t hese  models a r e  presented .  By 
means of pa rabo l i c - in - log  X laminat ion techniques appl ied  t o  t h e  plasma f r e -  
quency p r o f i l e s ,  "cumulative delays" a r e  computed t o  i l l u s t r a t e  t h e  r e l a t i v e  
delays con t r ibu ted  by each lamination t o  t h e  formation of t ops ide  ionograms. 

'Complete ionograms (ord inary ,  ex t r ao rd ina ry ,  and Z t r a c e s )  a r e  presented  f o r  
a l l  t h e  models. Impl ica t ions  of t h e  r e s u l t s  t o  t h e  inve r se  experimental  prob- 
lem of s c a l i n g  ionogram d a t a  and computing e l e c t r o n  concent ra t ion  p r o f i l e s  a r e  
d iscussed .  

INTRODUCTION 

Whereas research  concerned with ionospher ic  sounding from t h e  e a r t h ' s  
su r f ace  i s  more than 25 years  o ld ,  sounding of  t he  tops ide  ionosphere from 
s a t e l l i t e - b o r n e  r ada r s  has  been conducted f o r  only s i x  y e a r s .  The s a t e l l i t e s  
Alouet te  I (1962 t o  p r e s e n t ,  c i r c u l a r  o r b i t  a t  about 1000 km) and Alouet te  I1 
(1965 t o  p r e s e n t ,  e l l i p t i c a l  o r b i t  with apogee a t  3000 km, p'erigee a t  500 km), 
conta in ing  HF swept-frequency sounders ,  have provided t h e  bulk of a v a i l a b l e  
da t a  on e l e c t r o n  concent ra t ion ,  N(h) , above t h e  F2 l a y e r  peak. 

Because .of t h e  complexi t ies  of  t ops ide  ionograms, s o p h i s t i c a t e d  N(h) 
reduct ion  procedures and programs have been developed. 
procedure involves  computing t h e  
frequency p a i r s ,  h ' ( f ) ,  s c a k d  from the  ex t r ao rd ina ry  t r a c e  appearing on a 
fi lmed ionogram. This technique i s  adequate f o r  t h e  accura te  reduct ion  of  t h e  
g r e a t  bulk of Alouet te  I and low-a l t i t ude  Alouet te  I1 ionograms ( r e f .  1 ) .  On 
t h e  o the r  hand, t h e r e  remain a g r e a t  number of  t ops ide  ionograms, p a r t i c u l a r l y  
those  c o l l e c t e d  a t  t h e  h ighe r  o r b i t a l  a l t i t u d e s  of Alouet te  11, f o r  which 
t h e  s tandard  reduct ion  procedure y i e l d s  inaccura t e ,  o f t e n  u n r e a l i s t i c ,  e l ec -  
t r o n  concent ra t ion  p r o f i l e s .  The d i f f i c u l t i e s  a r e  caused mainly by s c a l i n g  
u n c e r t a i n t i e s  a s soc ia t ed  with l a rge  v i r t u a l  depths ,  h ' ( f )  , s t e e p  g r a d i e n t s ,  

The s tandard  reduct ion  
N(h) p r o f i l e  from a s e t  of  v i r t u a l  depth- 



dh ' /d f ,  sharp  "cusps ," d2h ' /d f2 ,  and t h e  occurrence of r e f l e c t i o n  t r a c e s  
a r i s i n g  from obl ique propagat ion .  
use of independent and/or redundant in format ion  a v a i l a b l e  i n  t h e  ionogram d a t a  
must be  brought t o  b e a r  i f  r e l i a b l e  h i g h - a l t i t u d e  
computed. 
r e f l e c t i o n  t r a c e s  may we l l  enhance t h e  accuracy of  computed p r o f i l e s .  

C lea r ly ,  new procedures  involv ing  optimum 

N(h) p r o f i l e s  a r e  t o  be  
For example, t h e  use of t h e  redundant in format ion  a v a i l a b l e  i n  a l l  

The p resen t  s tudy  dea l s  wi th  t h e  computation of  ionograms from model 
N(h) p r o f i l e s .  This d i r e c t  approach c l e a r l y  demonstrates t h e  t ransformat ion  
performed by t h e  ionosphere on t h e  sounder waves and t h e  one-to-one cor re-  
spondence of t r u e  and v i r t u a l  r e f l e c t i o n  h e i g h t s  ( r e f .  2 ) .  The r e s u l t s  supply 
i n s i g h t  t o  t h e  redundancy problem and sugges t  some f e a s i b l e  schemes f o r  o p t i -  
mum implementation of  N(h) reduct ion  procedures us ing  ex t raord inary ,  
o rd inary ,  and Z t r a c e  d a t a .  

REFRACTIVE INDICES I N  THE TOPSIDE IONOSPHERE 

The t ransformat ion  i s  descr ibed  by 

h'(f) = p' dh 

which r e l a t e s  t he  v i r t u a l  depth,  h ' ,  of r e f l e c t i o n  of a p a r t i c u l a r  propagat ion 
mode a t  a sounder frequency, f ,  t o  t h e  t r u e  h e i g h t  of r e f l e c t i o n ,  hr ,  f o r  a 
given p r o f i l e  of group r e f r a c t i v e  index,  p', between t h e  a l t i t u d e  of t h e  sa t -  
e l l i t e ,  hs,  and hr .  Appendix A d e t a i l s  t h e  appropr i a t e  group r e f r a c t i v e  index 
and phase r e f r a c t i v e  index,  p, equat ions expressed i n  terms of t h e  familiar 
magnetoionic parameters X ,  Y ,  and 8 .  Before proceeding with t h e  major pur- 
pose,  i t  i s  i n s t r u c t i v e  t o  examine c a r e f u l l y  t h e  v a r i a t i o n s  of 1-1 and 1.1' with 
these  parameters .  

The v a r i a t i o n  of  u2 and 1-1' with X i s  i l l u s t r a t e d  i n  f i g u r e  1 f o r  a 
value of Y < 1 and i n  f i g u r e  2 f o r  a va lue  of Y > 1. Curves a r e  shown f o r  
s e v e r a l  values  of e .  A combination of l i n e a r  and r e c i p r o c a l  s c a l e s  i s  used 
t o  inc lude  both zero and i n f i n i t y  on a b s c i s s a  and o r d i n a t e .  For  Y < 1 
( f i g .  1) t h e r e  i s  one branch f o r  t h e  ord inary  mode (0 5 X I 1) and two 
branches f o r  t he  ex t r ao rd ina ry  mode (0 I X 5 1 - Y and 
(1 - Y2)/(1 - Y2 cos2 e )  5 X < 1 + Y )  . The l a t t e r  branch of  t h e  ex t raord inary  
mode i s  r e f e r r e d  t o  as t h e  Z mode. For Y > 1 ( f i g .  2)  t h e  ord inary  mode 
has two branches (0 I X I 1 and (1 - Y2)/ (1  - Y2 cos e )  s X ;  t h e  l a t t e r  branch 
i s  c a l l e d  t h e  w h i s t l e r  mode and e x i s t s  only when 
ex t raord inary  mode has only one branch,  t h e  Z mode branch (0 S X < 1 + Y). 
The ord inary ,  ex t r ao rd ina ry ,  and Z modes a r e  c o n s i s t e n t l y  observed as d i s -  
t i n c t  r e f l e c t i o n  t r a c e s  i n  tops ide  ionograms. Nonzero values  of X a t  t h e  
s a t e l l i t e  sounder antennas allow the  observa t ion  of  t h e  Z mode f o r  Y < 1. 
I n  bottomside ionograms t h e  Z t r a c e  i s  observed f o r  Y < 1 only when wave 
coupling e x i s t s  between t h e  ord inary  and ex t r ao rd ina ry  modes ( r e f .  3 ) .  

Y2 cos2 e > 1) while  t h e  
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Zeros i n  p2  occurr ing  a t  X = 1 (ordinary mode), X = 1 - Y ( ex t r a -  
ord inary  mode), and X = 1 + Y ( Z  mode) correspond t o  wave r e f l e c t i o n  condi- 
t i o n s  f o r  t h e  r e s p e c t i v e  modes. An i n f i n i t y  i n  p2  occurs a t  
X = ( 1  - Y2)/(1 - Y2 cos2 0 )  (Z mode f o r  Y < 1, and ord inary  mode f o r  
Y > 1 ) .  C lea r ly ,  bo th  zeros and i n f i n i t i e s  i n  l,r2 correspond t o  i n f i n i t i e s  
i n  1-1'. However, t h e  i n f i n i t y  i n  a s s o c i a t e d  wi th  
X = (1  - Y2)/(1 - Y2 cos2 e)  i s  no t  a wave r e f l e c t i o n  condi t ion  as a r e  t h e  
o t h e r  i n f i n i t i e s .  

Graphs of p2  and 1-1' similar t o  f i g u r e s  1 and 2 have been publ i shed  i n  
re ferences  3 - 6 .  I n  tops ide  N(h) r educ t ion ,  i t  i s  necessary t o  t a k e  i n t o  
account t h e  Y v a r i a t i o n  wi th  h e i g h t .  Thus it i s  use fu l  t o  cons ider  t h e  varia- 
t i o n  of p2 and 1-1' with  X and Y f o r  a f i x e d  va lue  of e ,  s i n c e  0 i s  
nea r ly  independent of h e i g h t  f o r  v e r t i c a l  propagat ion.  
t r a t e  t he  v a r i a t i o n s  of  u2 and 1-1' versus X f o r  0 = 5O and 55", r e s p e c t i v e l y ,  
and f o r  s e v e r a l  values  of Y f o r  each propagat ion mode. These p a r t i c u l a r  
cases  of 0 are used i n  t h e  analyses  r epor t ed  below. NASA TM X-1553 ( r e f .  7) 
conta ins  many graphs of  t h e  types i l l u s t r a t e d  i n  f i g u r e s  1 t o  4 .  

Figures  3 and 4 i l l u s -  

TOPSIDE MODELS 

Common types of ionograms observable  from t h e  Alouet te  sounders have been 
computed from equat ion  (1) us ing  s e v e r a l  r e a l i s t i c  model p r o f i l e s  of  plasma 
frequency, f n ( h ) ,  and gyrofrequency, f h ( h ) ,  shown i n  f i g u r e  5 .  High and low 
fn(h)  models and h igh  and low fh(h)  models extend from h = 3000 km t o  400 km. 
The two fn(h)  models have i d e n t i c a l  shapes corresponding t o  a t h e o r e t i c a l  
plasma d i s t r i b u t i o n  based on v e r t i c a l  d i f f u s i v e  equi l ibr ium such t h a t  t h e  
e l e c t r o n  concent ra t ions  a t  any a l t i t u d e  d i f f e r  by a f a c t o r  of 5 between models 
( r e f .  1 ) .  The high and low fh(h)  models a r e  d i p o l a r  ( i nve r se  cube) with mag- 
n i tudes  a t  3000 km t y p i c a l  of those  observed a t  high l a t i t u d e s  and low mid- 
l a t i t u d e s ,  r e s p e c t i v e l y .  The propagat ion angles ,  8 ,  a r e  independent of h 
with magnitudes 5" and 55' t o  s imula te  v e r t i c a l  propagat ion a t  high l a t i t u d e s  
and low mid la t i t udes .  A t o t a l  of e i g h t  s imula ted  Alouet te  cases ,  summarized 
i n  t a b l e  I ,  were cons t ruc ted  from these  models. 

"CUMULATIVE DELAY" CURVES AND IONOGRAMS 

For each case i n  t a b l e  I ,  ionogram t r a c e s  f o r  each propagat ion mode may 
be  ca l cu la t ed  by i n t e g r a t i n g  equat ion (1) u s ing  t h e  group r e f r a c t i v e  index 
equat ions given i n  appendix A.  The i n t e g r a t i o n  procedures are descr ibed  i n  
appendix B .  The fn (h )  and fh(h)  p r o f i l e s  are subdivided i n t o  equal  th ickness  
contiguous laminat ions (100 km f o r  cases  1 through 4 ,  40 km f o r  cases  5 
through 8 ) .  Within each laminat ion t h e  h e i g h t  i s  assumed pa rabo l i c - in - log  X 
(see appendix B) and fh i s  assumed t o  vary i n  an inverse-cube manner. Using 
t h e  r e f l e c t i o n  c r i t e r i a  descr ibed  above, t h a t  i s ,  ord inary  mode (X=l) , ex t r a -  
ord inary  mode (X=1-Y), and Z mode (X=l+Y), those  f requencies  r e f l e c t e d  a t  
t h e  lower boundary of each laminat ion a r e  ca l cu la t ed .  These s e t s  of  
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f requencies  are used t o  compute t h e  ionogram t r a c e s .  S i x  examples are 
i l l u s t r a t e d  i n  f i g u r e s  6 through 11. P a r t  (a)  o f  each f i g u r e  shows t h e  group 
r e f r a c t i v e  index p r o f i l e s ,  p '  (h) , appropr i a t e  t o  each lower boundary r e f l e c -  
t i o n  frequency. The corresponding ionogram t r a c e  i s  given i n  p a r t  (b) where a 
smooth curve is  drawn through t h e  computed v i r t u a l  de lays  f o r  each r e f l e c t i o n  
frequency. Also shown i n  p a r t  (b) a r e  "cumulative delay" curves which i l l u s -  
t r a t e  t h e  r e l a t i v e  de lays  con t r ibu ted  by  each laminat ion as t h e  sounder wave 
"propagates" t o  t h e  r e f l e c t i o n  l e v e l .  

Figure 6 r e p r e s e n t s  computation of  t h e  ex t r ao rd ina ry  mode f o r  case 1. A t  
each frequency, p 1  (h) i nc reases  monotonically and smoothly from a f i n i t e  va lue  
a t  t h e  s a t e l l i t e  t o  i n f i n i t y  a t  t h e  a l t i t u d e  o f  r e f l e c t i o n  corresponding t o  
t h e  condi t ion  X = 1 - Y .  I n t e g r a t i o n  of  t h e  p ' (h)  curves produces a moder- 
a te  r r ~ ~ ~ p "  i n  t h e  ex t r ao rd ina ry  trace a t  f requencies  s l i g h t l y  g r e a t e r  than  t h e  
s a t e l l i t e  cu to f f  frequency, fxs . The "cumulative delay" curves q u i t e  c l o s e l y  
p a r a l l e l  t he  t r a c e ,  and t h e  delay i n  the  lowest laminat ion,  f o r  each frequency, 
i s  s i g n i f i c a n t l y  g r e a t e r  than  t h e  delays i n  each of t h e  preceding lamina t ions .  
These v a r i a t i o n s  are t y p i c a l  o f  ex t r ao rd ina ry  mode v a r i a t i o n s  f o r  a l l  e i g h t  
cases. Sub t l e  d i f f e rences  do occur  between t h e  r e s u l t s  of t h e  high and low 
fh(h)  models because t h e  ex t r ao rd ina ry  mode group r e f r a c t i v e  index i s  s e n s i -  
t i v e  t o  Y ,  b u t  no t  t o  8 ,  as seen  i n  f i g u r e s  3 and 4. 

Figures 7 and 8 r ep resen t  two examples f o r  t h e  ord inary  mode (cases  1 
and 2 )  i n  which t h e  p ' ( h )  p r o f i l e s  are q u i t e  similar t o  each o t h e r ,  t h a t  i s ,  
p f ( h )  v a r i e s  smoothly from f i n i t e  values  a t  t h e  s a t e l l i t e  t o  i n f i n i t y  a t  t hose  
a l t i t u d e s  where X = 1. However, t h e  computed ionograms a r e  q u i t e  d i s s i m i l a r .  
Figure 7 i l l u s t r a t e s  t h e  formation of  a sha rp  "CUSP" caused by an enormous 
delay encountered i n  t h e  laminat ion of  wave r e f l e c t i o n  which i s  t y p i c a l  f o r  
h i g h - l a t i t u d e  ionograms where 8 i s  small. Figure 8 i l l u s t r a t e s  t h e  forma- 
t i o n  of a more moderate cusp. Although t h e  de lay  i n  t h e  l a s t  laminat ion i s  
s t i l l  l a r g e s t  r e l a t i v e  t o  each of t h e  preceding lamina t ions ,  t h e  abso lu te  
delay i s  considerably smaller than  t h a t  i n  f i g u r e  7.  The c o n t r a s t s  seen  i n  
f i g u r e s  7 and 8 demonstrate t h a t  t he  ord inary  mode group r e f r a c t i v e  index i s  
a s e n s i t i v e  func t ion  of  0 ,  b u t  no t  of Y ,  as shown i n  f i g u r e s  1 and 2 .  

The p ' ( h )  p r o f i l e s  and ionograms f o r  t h e  Z mode f o r  cases  2 ,  4, and 8 
are shown i n  f i g u r e s  9 ,  10,  and 11. Figure 9 shows t h a t  f o r  low f requencies  
t h e  v a r i a t i o n s  of p ' ( h )  a r e  similar t o  those  i n  f i g u r e s  6, 7,  and 8 .  How- 
ever ,  a t  h ighe r  f requencies  ( f  2 0.228 Mc/s) a nonmonotonic behavior  occurs  
when 
i n f i n i t y  a t  t h e  r e f l e c t i o n  l e v e l  where X = 1 + Y .  F i n a l l y ,  a t  a frequency, 
fZm,  corresponding t o  X = (1  - Y2)/(1 - Y2 cos2 e ) ,  becomes i n f i n i t e  a t  
t h e  s a t e l l i t e  and t h e  Z mode ceases t o  propagate  from t h e  sounder antennas.  
This behavior  i s  most f r equen t ly  observed on tops ide  Z t r a c e s .  However, i t  
is  not  unusual t o  encounter  t h e  s i t u a t i o n s  shown i n  f i g u r e s  10 and 11. Here, 
f o r  low and medium f requenc ie s ,  t he  p ' ( h )  p r o f i l e  behavior  i s  q u i t e  similar 
t o  t h a t  descr ibed  f o r  f i g u r e  9 .  However, a t  f requencies  ( f  5 0.290 Mc/s i n  
f i g .  10 and f 2 0.726 Mc/s i n  f i g .  11) c l o s e  t o  fZm, t h e  p l ( h )  p r o f i l e s  
t a k e  t h e  p e c u l i a r  v a r i a t i o n s  shown, t h a t  i s ,  p ' (h )  e x h i b i t s  two minimums and a 
maximum be fo re  inc reas ing  t o  i n f i n i t y  a t  t h e  r e f l e c t i o n  l e v e l .  This behavior  
i s  usua l ly  encountered f o r  condi t ions  of high fh (h )  and low fn(h)  where Y 

p ' ( h )  decreases  wi th  depth t o  a minimum value  be fo re  inc reas ing  t o  
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is  g r e a t e r  than  1 and X v a r i e s  from l e s s  than t o  g r e a t e r  than 1. The w e l l -  
def ined  maximums i n  f i g u r e  10 are due t o  t h e  maximum of 
observed i n  f i g u r e  4(b)  f o r  values  of Y near  2 .  The l a r g e  values  of u ' (h )  
immediately below t h e  s a t e l l i F e  he igh t  f o r  
due t o  t h e  l a r g e  values  of pz 
below X = 1 f o r  values  of Y only s l i g h t l y  g r e a t e r  than  1. These p e c u l i a r -  
i t i e s  i n  t h e  p f ( h )  p r o f i l e s  give r i se  t o  t h e  i n t e r e s t i n g  Z t r a c e s  seen  i n  
f i g u r e s  9 ,  10,  and 11. To produce t h e  d e t a i l e d  v a r i a t i o n s  seen i n  t h e s e  f i g -  
u r e s ,  laminat ion th icknesses  of 20 km had t o  be  used t o  provide adequate f r e -  
quency r e s o l u t i o n .  However, only t h e  100 km ( f i g .  9 ( a ) )  and 40 km ( f i g .  lO(a)) 
"cumulative delay" curves are shown. The Z t r a c e  with a smooth, monotonic 
v a r i a t i o n  of v i r t u a l  depth wi th  frequency, shown i n  f i g u r e  9 ( b ) ,  i s  most f r e -  
quent ly  observed i n  tops ide  ionograms. On t h e  o t h e r  hand, f i g u r e  10(b) shows 
the  development of  a "plateau" i n  t h e  Z t r a c e .  A t  low frequencies  t h e  v a r i -  
a t i o n  i s  smooth, as i n  f i g u r e  9 ( b ) ,  with t h e  l a r g e s t  de lay  i n  t h e  laminat ion 
of wave r e f l e c t i o n .  A t  f near  0.29 Mc/s, where t h e  p l ( h )  maximum first  
occurs (shown as a do t t ed  l i n e ) ,  a p r e c i p i t o u s  i n c r e a s e  i n  v i r t u a l  depth i s  
observed. For  0.29 Mc/s < f < fZm,  t h e  v i r t u a l  depth remains r e l a t i v e l y  con- 
s t a n t .  I n  t h i s  reg ion  the  l a r g e s t  r e l a t i v e  delay i s  provided by t h a t  lamina- 
t i o n  e x h i b i t i n g  t h e  p f ( h )  maximum. A s  f approaches f Z m ,  t h e  normal r a p i d  
inc rease  i n  v i r t u a l  depth i s  again observed wi th  t h e  l a r g e s t  delay occurr ing  
i n  the  laminat ion immediately below t h e  s a t e l l i t e .  These f e a t u r e s ,  al though 
not  q u i t e  as d r a s t i c ,  a r e  seen  i n  t h e  Z t r a c e  i n  f i g u r e  11 simulated f o r  an 
Alouet te  I ionogram. 

11; near  X = 1 

f = 0.959 Mc/s i n  f i g u r e  11 are 
observed i n  f i g u r e  4(b) i n  t h e  reg ion  nea r  and 

These p e c u l i a r  Z t r a c e s  occur a t  r a t h e r  low f requencies  where t h e  
Alouet te  sounder response i s  weak and a t  high l a t i t u d e s  where ionograms a r e  
normally poor.  
only be observable  on a "second-time-aroundfl b a s i s .  Thus a c t u a l  observa t ion  
of t hese  shapes i s  r e l a t i v e l y  in f r equen t .  
f u t u r e  s a t e l l i t e s ,  however, observa t ion  should be p o s s i b l e  and i t s  use  f o r  
N(h) reduct ion  become f e a s i b l e .  

Also, t h e  de lays  become q u i t e  l a r g e  and some of them would 

With improved sounder design f o r  

The e n t i r e  s e t  of computed ionograms (ord inary ,  ex t r ao rd ina ry ,  and Z 
t r a c e s )  f o r  a l l  e i g h t  cases  a r e  shown i n  f igu res  1 2  through 19. The low- 
a l t i t u d e  ionograms a r e  p l o t t e d  on a l i n e a r  frequency s c a l e  s imula t ing  Alouet te  
I ionograms. The h i g h - a l t i t u d e  ionograms are p l o t t e d  on two d i f f e r e n t  l i n e a r  
frequency s c a l e s  f o r  below and above 2 Mc/s, s imula t ing  Alouet te  I1 ionograms. 

DISCUSSION 

Figures 1 2  through 19 i l l u s t r a t e  most types of ionogram traces due t o  
v e r t i c a l  propagat ion which are observed i n  Alouet te  I and Alouet te  I1 sounder 
da t a .  A t  h '  = 0 t h e  t r a c e s  always occur such t h a t  fXs > fos > fzs and 
(dhi /df)  = (dhA/df) = dhk/df = m .  

ionograms from both Alouet te  I and Alouet te  11, they  appear only i n  t h e  simu- 
l a t e d  h i g h - a l t i t u d e  ionograms shown i n  t h i s  s tudy .  I t  can be  shown t h a t  t h e  
plasma s c a l e  h e i g h t ,  def ined  by 
t h e  s a t e l l i t e  t h a t  exceeds a c e r t a i n  c r i t i c a l  va lue  f o r  t h e  cusp t o  appear 

Although t h e  cusps are o f t e n  observed on 

-N(dN/dh)-I, must have a h e i g h t  g rad ien t  near  



(J. Shmoys, p r i v a t e  communication). Because t h e  model p r o f i l e s  are not  
def ined  below 400 km, F2 l a y e r  p e n e t r a t i o n  i s  not  s imula ted  on t h e  computed 
ionograms. 
th icknesses  of  100 km and 40 km f o r  Alouet te  I1 and Alouet te  I ,  r e spec t ive ly ,  
corresponding t o  a t o t a l  o f  27 and 16 "scaled" p o i n t s  (or  26 and 15 
laminat ions)  . 

The ionograms shown were computed f o r  p r o f i l e s  having laminat ion 

I t  i s  d i f f i c u l t ,  i n  p r a c t i c e ,  t o  p r e s c r i b e  ionogram s c a l i n g  c r i t e r i a  f o r  
optimum N(h) computation. I t  i s ,  i n  p r i n c i p l e ,  d e s i r a b l e  t o  scale t h e  iono- 
gram t r a c e  s o  t h a t  t h e  computed N(h) p r o f i l e  has laminat ions of  equal 
th ickness ,  s ay ,  o f  about 100 km f o r  Alouet te  I1 and of about 50 km f o r  Alou- 
e t t e  I da t a .  This would r e q u i r e  a t o t a l  o f  about 25 po in t s  f o r  t h e  former and 
15 po in t s  f o r  t h e  l a t t e r  ionograms. Computation times on l a rge  computers are 
then t y p i c a l l y  a f e w  seconds,  which i s  reasonable  f o r  t h e  v a s t  number of top- 
s i d e  ionograms a v a i l a b l e  f o r  s tudy .  The "equal laminat ion thickness"  s c a l i n g  
c r i t e r i o n  i s  impossible  t o  apply s t r i c t l y  s i n c e ,  a p r i o r i ,  t he  N(h) p r o f i l e  
i s  unknown. However, t h e  models s t u d i e d  do i l l u s t r a t e  t h a t ,  f o r  t h i s  c r i t e r -  
i on ,  t h e  s c a l i n g  procedures are q u i t e  d i f f e r e n t  f o r  t h e  cusp and no-cusp cases .  
For no-cusp, t h e  s c a l e d  p o i n t s  are sepa ra t ed  by approximately equal i n t e r v a l s  
along t h e  traces. For t h e  cusp, t h e  s c a l e d  p o i n t s  are thinned out  i n  spac ing  
where the  t r a c e  curva ture  i s  small and packed i n  spac ing  where the  curva ture  
i s  l a rge  - t h e  g r e a t e r  t h e  curva ture ,  t h e  c l o s e r  t h e  packing. 

Although t h e  s imula ted  h i g h - a l t i t u d e  Alouet te  I1 ionograms ( f i g s .  12-15) 
and Alouet te  I ionograms ( f i g s .  16-19) have many s i m i l a r i t i e s ,  they have 
s u b t l e  d i f f e rences  t h a t  a r e  observable  i n  both s imula ted  and a c t u a l  ionograms . 
The Alouet te  I1 sounder frequency sweep r a t e  below 2 Mc/s i s  about s i x  t imes 
s lower than t h e  Alouet te  I sweep r a t e .  Thus, g r e a t e r  frequency r e s o l u t i o n  i s  
a v a i l a b l e  i n  t h e  reg ions  where t h e  l a rge  s lopes  occur .  Although i n  p r i n c i p l e  
t h e  v i r t u a l  depth r e s o l u t i o n  i s  i d e n t i c a l  f o r  t h e  two sounders because of 
i d e n t i c a l  pu l se  widths ,  i n  p r a c t i c e  the  r e s o l u t i o n  i s  poorer  on Alouet te  I1 
ionograms s i n c e  t h e  v i r t u a l  depth range coord ina te ,  o f  about 4500 km, occupies 
t h e  same f i l m  dimension as does t h e  1500 km v i r t u a l  depth range f o r  Alouet te  I .  
Therefore ,  t h e  a v a i l a b l e  h ' ( f )  r e s o l u t i o n s  a r e  about t h e  same f o r  Alouet te  I 
and I1 ionograms. However, t he  plasma s c a l e  h e i g h t  i nc reases  with a l t i t u d e  
i n  the  tops ide  ionosphere,  and t h e  Alouet te  I1 t r a c e  may have much l a r g e r  
v i r t u a l  depths and s lopes  immediately above fxs, foS, and fzs .  The a v a i l a b l e  
r e so lu t ions  which are enough t o  y i e l d  accu ra t e  computed N(h) p r o f i l e s  f o r  
most of  t h e  Alouet te  I ionograms are not  s u f f i c i e n t  f o r  many h i g h - a l t i t u d e  
Alouet te  I1 ionograms. Much more accura te  and c a r e f u l  ana lys i s  i s  requi red .  

Extraordinary t r a c e s  i n  tops ide  ionograms are usua l ly  continuous and 
complete while  t h e  ord inary  t r a c e  gene ra l ly  e x h i b i t s  gaps between t h e  plasma 
frequency ( o r  t h e  gyrofrequency when fhs > fn)  and upper-hybrid frequency, 
due t o  antenna impedance mismatch, and t h e  Z t r a c e  i s  usua l ly  weak,  due t o  
no i se ,  i n t e r f e r e n c e  and low sounder s e n s i t i v i t y ,  and/or  excessive d i spe r s ion .  
Thus, t h e  ex t raord inary  t r a c e  i s  genera l ly  used,  and f o r  Alouet te  I i s  t h e  
only t r a c e  which has  been used,  f o r  rou t ine  N(h) r educ t ion .  In  a c t u a l  iono- 
grams a s i n g l e  r e f l e c t i o n  t r a c e  f o r  each propagat ion mode i s  normally observed 
and, i n  most cases ,  t h e  t r a c e s  are due t o  v e r t i c a l  propagat ion.  However, 
t r a c e s  due t o  obl ique propagat ion may appear wi th  o r  without  t h e  appearance of 
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a v e r t i c a l  propagat ion t r a c e .  For h i g h - a l t i t u d e  Alouet te  I 1  ionograms, 
because of t h e  s c a l i n g  accuracy d i f f i c u l t i e s  and because of t h e  f requent  
appearance of mul t ip l e  t r a c e s ,  p a r t i c u l a r l y  f o r  t h e  ex t raord inary  mode, it 
would be  d e s i r a b l e  t o  inc lude  the  ord inary  and Z t r a c e  d a t a  i n  the  reduct ion  
procedures .  Comparison of f i g u r e s  1 2  through 19 shows t h a t  t h e  genera l  shape 
of the  ex t raord inary  trace remains q u i t e  s t a b l e  from case  t o  case,  c e r t a i n l y  
more s o  than t h e  ord inary  and Z t r a c e s .  A s  mentioned ea r l i e r ,  t h e  e x t r a -  
ord inary  group r e f r a c t i v e  index i s  a more s e n s i t i v e  func t ion  t o  
while  t he  ord inary  group r e f r a c t i v e  index i s  more s e n s i t i v e  t o  8 than  Y .  The 
v a r i a t i o n  of Y ( i . e . ,  f h )  is q u i t e  small dur ing  t h e  passage of t h e  s a t e l l i t e  
over one te lemet ry  record ing  s t a t i o n  whereas 
The s e n s i t i v i t y  of  t h e  ord inary  t r a c e  t o  8 i s  f u r t h e r  i l l u s t r a t e d  i n  f i g -  
ure  20 .  Here t h e  computed ord inary  traces f o r  case 1 are shown f o r  t h e  same 
f n  and fh  model p r o f i l e s  b u t  wi th  0 allowed t o  vary from 5" t o  30". Hence, 
t h i s  d i f f e rence  i n  s e n s i t i v i t y  of  each mode t o  t h e  magnitude and angle  of  t h e  
magnetic f i e l d  v e c t o r  i n d i c a t e s  t h a t  t h e  use  of redundant d a t a  may improve t h e  
accuracy of computed N(h) p r o f i l e s .  

Y than  8 ,  

0 may change s i g n i f i c a n t l y  . 

An ope ra t iona l ly  f e a s i b l e  c losed-loop r educ t ion  procedure t h a t  uses  
redundant d a t a  t o  improve computed N (h) p r o f i l e  accuracy and/or ope ra to r  con- 
f idence  i s  summarized as fo l lows:  (1) Sca le  t h e  ex t raord inary  t r a c e ;  (2) com- 
pu te  an N(h) p r o f i l e  therefrom; ( 3 )  compute ord inary  and Z t r a c e s  from t h e  
computed N(h) p r o f i l e ;  (4) compare t h e  computed ord inary  and Z t r a c e s  wi th  
the  v i s i b l e  po r t ions  of those t r a c e s  on t h e  ionogram; (5 )  i f  necessary,  cor-  
rect  the  ex t raord inary  t r a c e  s c a l e d  p o i n t s  and r e p e a t  t h i s  procedure u n t i l  t h e  
comparisons i n  s t e p  (4) agree.  Since t h e  s a t e l l i t e  moves i n  p o s i t i o n  whi le  
t he  t r a c e s  a r e  be ing  formed t h i s  comparison becomes ques t ionable  should t h e  
N(h) d i s t r i b u t i o n  d r a s t i c a l l y  change dur ing  t h i s  pe r iod .  

Another usefu l  procedure i s  t o  (1) s c a l e  t h e  ex t r ao rd ina ry  and Z t r a c e s  
with a l ea s t - squa res  f i t t i n g  technique t o  deduce an accura te  N(h) p r o f i l e  
near  t h e  s a t e l l i t e ;  (2) from t h i s  p a r t i a l  p r o f i l e  compute t h e  ord inary  t r a c e  
t o  br idge  t h e  gap where t h a t  t r a c e  i s  not  observed; ( 3 )  cont inue t h e  N(h) 
reduct ion  us ing  t h e  ord inary  t r a c e ,  i n  conjunct ion with the  ex t raord inary  
t r a c e  i f  necessary.  The p a r t i c u l a r  advantages of t h i s  approach a r e  t h a t  
(a) t he  ord inary  t r a c e  i s  normally spread and d ispersed  much l e s s  than  t h e  
ex t raord inary  trace and (b) t h e  ord inary  t r a c e  more l i k e l y  r e s u l t s  from 
v e r t i c a l  propagat ion.  

Yet another  approach would be t o  (1) s c a l e  t h e  v i s i b l e  p o r t i o n  of t h e  
t h r e e  t r a c e s ;  ( 2 )  compute a p r o f i l e  from each; and ( 3 )  combine the  t h r e e  
ind iv idua l  p r o f i l e s  i n  a leas t - squares  manner t o  compute a f i n a l  N(h) p r o f i l e  

For those h i g h - a l t i t u d e  ionograms i n  which t h e  v i s i b l e  t r a c e s  a r e  a l l  due 
t o  obl ique propagat ion,  t h e  above procedures w i l l  no t  y i e l d  accura te  p r o f i l e s .  
Then, ray t r a c i n g  analyses  must be  performed t o  determine t h e  ionospher ic  
d i s t r i b u t i o n .  
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APPENDIX A 

REFRACTIVE I N D E X  EQUATIONS 

The group r e f r a c t i v e  index def ined  by 

p' = c/vg 

!.I = c/vp 

is  obtained from t h e  phase refract ive index 

by t h e  process  

p' = d(p f ) /d f  

where 

c v e l o c i t y  of l i g h t  i n  f r e e  space 

vg 

vp 

f sounder frequency 

group v e l o c i t y  of  t h e  e lec t romagnet ic  wave 

phase v e l o c i t y  of t h e  electromagnet ic  wave 

The c o l l i s i o n l e s s  phase r e f r a c t i v e  index i s  given by t h e  Appleton-Hartree 
equat ion of  t h e  magnetoionic theory  ( r e f .  3 ) :  

I/ 2 r 

where 

X f n 2 / f 2  = N/12,400f2 

N e l e c t r o n  concent ra t ion ,  e lectrons/cm3 

fn  e l e c t r o n  plasma frequency, Mc/s 

Y f h / f  = 2.8 B / f  

B magnetic induct ion  of  e a r t h ' s  f i e l d ,  gauss 

fh  e l e c t r o n  gyrofrequency, Mc/s 
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8 angle between t h e  wave normal and e a r t h ' s  magnetic f i e l d  d i r e c t i o n s  
( 0  - 90" - I, where I i s  t h e  magnetic d i p ,  f o r  v e r t i c a l  propagat ion 
i n  a s t r a t i f i e d  ionosphere) 

I t  can be seen t h a t  two modes of propagat ion are p o s s i b l e  i n  a magnetoionic 
medium, t h e  o rd ina ry  mode (with t h e  p l u s  s i g n )  and t h e  ex t r ao rd ina ry  mode 
(with t h e  minus s i g n ) .  
x and 0 .  For c l a r i t y ,  t h e  ord inary  and ex t r ao rd ina ry  phase r e f r a c t i v e  i n d i c e s  
may be w r i t t e n :  

These a r e  usua l ly  denoted with appropr i a t e  s u b s c r i p t s  

where 

1/2 

Px = (1 - &) 

y2 s i n 2  e + YR s o = l -  
2(1 - x) 2(1 - x) 

YR s , = 1 -  y2 s i n 2  e - 

2 ( 1  - x) 2 0  - x> 

Applying equat ion (A3) t o  equat ions (AS) through (A9) y i e l d s  t h e  ord inary  and 
ex t raord inary  group r e f r a c t i v e  ind ices :  

These equat ions s impl i fy  considerably f o r  t h e  s p e c i a l  cases  of t r a n s v e r s e  
propagation ( 0  = 90") and long i tud ina l  propagat ion ( 0  = 0 " ) :  

10 
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(a) Transverse propagat ion  

1/2 
p, = (1 - x) 

&=1[1+ 
PX (1 - x - Y2I2 

(b) Longitudinal propagat ion 

Both ux and p i  f o r  t h e  long i tud ina l  c a s e  e x h i b i t  d i s c o n t i n u i t i e s  a t  
X = 1 when Y > 1, t h a t  i s ,  where t h e  ex t r ao rd ina ry  mode i s  gene ra l ly  known 
as t h e  Z mode. I t  can be shown (ref. 4)  t h a t  t h e  fol lowing r e l a t i o n s h i p s  
r e s u l t  : 

11 
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for X < 1 ' 1  

= 1 for x > 1  XY 1. - 2(1 + Y>2_1 

For  8 # 0" and Y > 1 ,  11; e x h i b i t s  a maximum a t  X = 1 and can be 
approximated by 

p ; r 1 +  1 
y2 sin2 e 
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APPENDIX B 

COMPUTATIONAL PROCEDURES 

Appendix A summarizes t h e  equat ions f o r  1-1’ as func t ions  of X ,  Y ,  and 
8 .  F o r  any frequency, f ,  p r o f i l e s  of X and Y are simply computed from t h e  
given fn(h)  and fh(h)  models, and 0 i s  assumed h e i g h t  i n v a r i a n t .  The 
h e i g h t s  of r e f l e c t i o n ,  h,, f o r  t h e  ord inary ,  ex t r ao rd ina ry ,  and Z modes are 
given as t h e  h e i g h t s  where X = 1, 1 - Y ,  and 1 + Y ,  r e s p e c t i v e l y .  Hence, a l l  
q u a n t i t i e s  on t h e  r ight-hand s i d e  of equat ion (1) a r e  known and t h e  in t eg ra -  
t i o n  f o r  v i r t u a l  depth,  a t  t h a t  frequency, i s  e a s i l y  c a l c u l a t e d .  I n  a c t u a l  
ionogram a n a l y s i s  where hr is  t h e  unknown, given h ’ ,  t h e  s i t u a t i o n  is  more 
complex. S ince  t h e  parameter  Y appears i n  t h e  in tegrand  and i t s  i n t e g r a l  
upper l i m i t ,  an i t e r a t i o n  scheme i s  r equ i r ed  t o  i n s u r e  convergence t o  t h e  
c o r r e c t  r e f l e c t i o n  he igh t  ( r e f .  1 ) .  

The cumulative delay curves and ionogram t r a c e s  were c a l c u l a t e d  f o r  t h e  
fn(h)  and fh(h)  models by numerical ly  i n t e g r a t i n g  equat ion (1) on a d i g i t a l  
computer. The f n  p r o f i l e s  were d iv ided  i n t o  100 km and 40 km laminat ions 
f o r  t he  h i g h - a l t i t u d e  (3000 km) and low-a l t i tude  (1000 km) p r o f i l e s .  Equa- 
t i o n  (1) was then so lved  f o r  those  frequencies  f o r  each propagat ion mode hav- 
ing r e f l e c t i o n  he igh t s  t h a t  occur a t  t he  lower boundary of each laminat ion.  
Within each lamination t h e  pa rabo l i c - in - log  X assumption was used, t h a t  i s ,  
i n  the  ( i  + 1 ) s t  laminat ion:  

where h i  and X i  a r e  t h e  values  a t  t h e  upper boundary of  t h a t  laminat ion.  
The gyrofrequency was assumed t o  have an inverse-cube v a r i a t i o n  between i t s  
values  a t  t h e  upper and lower boundaries .  Cont inui ty  i n  s l o p e  w a s  assured a t  
each boundary by t h e  condi t ion :  

= ai f 2bi l o g  - X i  
Xi-  1 

“i+i 

A pa rabo l i c - in - log  X s t a r t i n g  procedure was a l s o  used. S ince  no boundary 
condi t ion  i s  a v a i l a b l e  a t  t he  sounder,  however, t h e  f i r s t  two laminat ions a r e  
used t o  de f ine  t h e  i n i t i a l  p a r a b o l i c  v a r i a t i o n .  

Applying t h e s e  laminat ion techniques , equat ion (1) becomes 

= 2,3,4, . . . , N - 1 

and 
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where h; i s  "cumulative delay,"  N - 1 is  t h e  laminat ion number, and h l  = hs.  

Since p 1  becomes i n f i n i t e  a t  t h e  r e f l e c t i o n  he igh t s  (and a t  t h e  sounder 
f o r  fZm), s p e c i a l  care must be  taken f o r  accu ra t e  i n t e g r a t i o n .  
v a r i a b l e s  are made i n  those  lamina where p 1  becomes i n f i n i t e  such t h a t  t h e  
modified in tegrand  i s  f i n i t e .  These v a r i a b l e  changes a r e  given by: 

Changes of  

t ; = 1 - x  f o r  a l l  laminat ions i n  t h e  ord inary  mode 

f o r  a l l  laminat ions i n  t h e  ex t r ao rd ina ry  mode t 2 = 1 -  X 
1 - Yr X 

t $ = 1 -  1 - Y2 f o r  t h e  f i r s t  laminat ion i n  t h e  Z mode, and 
(1 - 9 cos2 e)x 

t2 ,=1-  X 
1 + Yr 

f o r  a l l  b u t  t h e  f i r s t  laminat ion i n  t h e  Z mode 

where Yr i s  t h e  va lue  of  Y a t  t h e  h e i g h t  of  r e f l e c x i o n .  Gaussian quadra- 
t u r e  i s  used t o  eva lua te  t h e  modified equat ion (B3) and (B4) i n t e g r a l s .  I t  
has  been shown t h a t ,  i n  gene ra l ,  t h ree -po in t  gaussian c o e f f i c i e n t s  provide 
s u f f i c i e n t  accuracy ( r e f .  1 ) .  However, f o r  small 8 h ighe r  o rde r  gaussian 
quadratures  are r equ i r ed  f o r  t h e  ord inary  mode. I n  gene ra l ,  it s u f f i c e s  t o  
us e 

3-point  gaussian f o r  8 2 40" 

7-point  gaussian f o r  10" 1 8  < 40" 

16-point  gaussian f o r  8 < 10" 
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Figure 19.- Computed ord inary ,  ex t r ao rd ina ry ,  and Z t r a c e s  f o r  case  8. 
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